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CALOGERO-MOSER SPACE AND KOSTKA
POLYNOMIALS
MICHAEL FINKELBERG AND VICTOR GINZBURG
Abstract. We consider the canonical map from the Calogero-Moser
space to symmetric powers of the affine line, sending conjugacy classes of
pairs of n×n-matrices to their eigenvalues. We show that the character
of a natural C∗-action on the scheme-theoretic zero fiber of this map is
given by Kostka polynomials.
1. Introduction
1.1. The aim of this paper is to prove a refined version of Conjecture 17.14
of [EG]. To explain our result, recall the so-called Calogero-Moser space
Cn, a 2n-dimensional complex algebraic manifold introduced by Kazhdan-
Kostant-Sternberg [KKS], and studied further by G. Wilson [W]. It is de-
fined as Cn := CMn//PGLn, the quotient by the natural (free) conjugation-
action of the group PGLn on the set
CMn := {(X,Y ) ∈ Matn ×Matn
∣∣ [X,Y ] + Id = rank 1 matrix}. (1.1)
Let A(n) denote the set of unordered n-tuples of complex numbers. The
assignment (X,Y ) 7→
(
Spec(X) , Spec(Y )
)
, sending a pair of n×n-matrices
to the corresponding pair of n-tuples of their eigenvalues gives a map p :
Cn → A
(n) × A(n). The zero fiber p−1(0, 0) of this map is formed by the
conjugacy classes of nilpotent pairs (X,Y ) ∈ CMn. This fiber is known to
be a finite set labelled naturally by partitions of n. Given such a partition
λ, let p−1(0, 0)λ be the corresponding point in the zero fiber.
The Conjecture 17.14 of [EG] states that, for any partition λ, the corre-
sponding point in the (scheme-theoretic) zero fiber of p comes with multi-
plicity equal to (dimVλ)
2, where Vλ is an irreducible representation of the
symmetric groupSn attached to the partition λ in the standard way, see [M].
1.2. In the present paper we propose and prove the following q-analogue
of the above conjecture. Observe that the complex torus C∗ acts naturally
on CMn by z : (X,Y ) 7→ (z
−1 ·X , z ·Y ) , ∀z ∈ C∗. This C∗-action descends
to the Calogero-Moser space Cn and preserves the zero fiber p
−1(0, 0). Now
given λ, a partition of n, let p−1(0, 0)λ be the corresponding irreducible com-
ponent of the zero fiber viewed as a non-reduced scheme (set theoretically
concentrated at one point). The C∗-action keeps theese points (set theoret-
ically) fixed hence, for each λ, induces a C∗-action on the coordinate ring
of the scheme p−1(0, 0)λ, a finite dimensional vector space. The character
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of this finite dimensional C∗-module may be viewed as a Laurent polyno-
mial chλ ∈ Z[q, q
−1]. Now, recall that for each partition λ one defines the
Kostka polynomial Kλ(q) ∈ Z[q] which is a certain q-analogue
1 of dimVλ,
the dimension of the corresponding irreducible Sn-representation, see e.g.
([M] III.6).
Our result reads
Theorem. For any partition λ (of n), we have: chλ = Kλ(q) ·Kλ(q
−1).
1.3. This result has a natural generalization to other finite complex reflec-
tion groups W in a vector space h. In more details, in [EG] the authors
associate to a pair (h,W ) a Calogero-Moser space CW together with a finite
map p : CW → h/W × h/W . In the special case h = C
n and W = Sn, the
space CW reduces to the variety Cn, and the map p : CW → h/W × h/W
reduces to the map p : Cn → A
(n) × A(n) considered above.
More generally, in this paper we will consider the case where h = Cn
and W = Γ ∼ Sn is a wreath product of Sn and Γ = Z/NZ, a cyclic
group of some fixed order N (thus, W = Sn ⋉ (Z/NZ)
n), acting naturally
in h. It has been proved in [EG] that the corresponding Calogero-Moser
space CΓ,n := CW is a smooth affine algebraic variety isomorphic to a certain
Nakajima’s Quiver variety for a cyclic quiver.
The Conjecture 17.14 of [EG] says that the reduced fiber of p over (0, 0) ∈
h/W × h/W can be identified with the set Irrep(W ) of isomorphism classes
of irreducible representations of W , and the multiplicity of the point in this
fiber corresponding to ρ ∈ Irrep(W ) equals (dim ρ)2.
It is well known that the irreducible Γ ∼ Sn-modules are naturally
parametrized by the set PΓ(n) of Γ
∨-partitions of n, see e.g. ([M], Part I,
Appendix B). Here Γ∨ is the set of irreducible characters of Γ, and a Γ∨-
partition Λ is a collection (λχ, χ ∈ Γ
∨) of ordinary partitions such that∑
χ |λχ| = n. It is known that the points of reduced fiber of CΓ,n over (0, 0)
are also naturally numbered by PΓ(n) (in case of trivial Γ it was proved
in [W], and in the general case in [K2]). By abuse of notation we will denote
the point in the fiber corresponding to Λ ∈ PΓ(n) by Λ as well.
1.4. The cyclic Calogero-Moser space CΓ,n has a natural C
∗-action, such
that its fixed point set C
C
∗
Γ,n
coincides with the reduced zero fiber. We consider
the character of induced C∗-action in the Artin coordinate ring OΛ of the
component p−1(0, 0)Λ of the fiber concentrated at the point Λ ∈ C
C
∗
Γ,n
.
1.5. For an arbitrary cyclic group Γ = Z/NZ and Λ ∈ PΓ(n), we introduce
a polynomial KΛ(q) ∈ Z[q] which is a q-analogue of dimVΛ, the correspond-
ing irreducible Γ ∼ Sn-module, see 5.4, and prove the following
Theorem. The character of C∗-module OΛ equals KΛ(q) ·KΛ(q
−1).
1In the main body of the paper we use a minor modification of the standard Kλ(q).
31.6. Our proof is a straightforward application of the remarkable work [W].
G. Wilson has studied the reduced fibers of the second projection p2 : Cn →
A(n) and identified them as certain products of Schubert cells in Grassman-
nians. His results reduce our problem to some classical computations in
Grassmannians.
One ingredient in the proof of Theorem 1.4 is a relative Drinfeld com-
pactification Cn of the Calogero-Moser space Cn (such that the projection
p2 extends to the proper projection p2 : Cn → A
(n), see 2.5) and its cyclic
version, see 5.3. Though it enters our proof only at some technical point,
we believe that Cn is a very interesting object in itself.
The space Cn was, in fact, implicitly introduced in [W] where Wilson
studied the embedding of Cn into the adelic Grassmannian Grad (the cyclic
version of this embedding is studied in [BGK]). Wilson constructed a set-
theoretic partition Grad =
⊔
k∈N Cn. However, it turns out that the union⊔
0≤k≤n Ck can not be equipped with the structure of an algebraic vari-
ety. The algebraic variety Cn has, on the other hand, a natural partition
Cn =
⊔
0≤k≤n Ck ×A
(n−k), see 2.6, into smooth locally-closed strata (similar
in spirit to the stratification used in [K1]) and may be viewed as an alge-
braic ‘resolution’ of
⊔
0≤k≤n Ck, a nonalgebraic substack of Grad. The name
”Drinfeld’s compactification” is suggested by a close analogy with Drinfeld’s
quasimap spaces, cf. [K1].
In 2.7 we propose an alternative conjectural definition of Cn as a step
towards its generalization for other Nakajima quiver varieties.
1.7. Acknowledgments. We are deeply obliged to A. Kuznetsov for very
useful discussions and comments. M.F. is grateful to the University of
Chicago for the wonderful working conditions, and to V. Vologodsky for
patient explanations of the trivia of intersection theory. This research was
conducted by M.F. for the Clay Mathematics Institute.
2. Wilson’s embedding into a relative Grassmannian
2.1. The Calogero-Moser space. Fix a positive integer n and consider
the space CMn defined in (1.1). Then CMn is smooth, and the action of
PGLn by the simultaneous conjugation is free (see [W]). The quotient space
Cn := CMn/PGLn is a 2n-dimensional smooth affine algebraic variety, the
Calogero-Moser space. For n = 0 we define C0 to be a point.
Recall that A(n) := An/Sn. The assignment Y 7→ Spec(Y ), sending
a matrix Y ∈ Matn to the n-tuple of its eigenvalues viewed as a finite
subscheme of A1 given by zeros of the characteristic polynomial of Y , yields
an isomorphism of algebraic varieties: Matn//PGLn
∼−→ A(n) (where
Matn//PGLn denotes the categorical quotient). The second projection
CMn → Matn , (X,Y ) 7→ Y, descends to the projection πn : Cn → A
(n).
Wilson has determined all the reduced fibers of πn. Namely, he constructed
an embedding of any fiber into a certain product of (finite dimensional)
Grassmann varieties, and identified the image with a union of products of
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certain Schubert cells. Let us formulate his results more precisely. Till the
end of this section fiber means reduced fiber, and we write π−1(−) instead
of π−1(−)
reduced
.
2.2. Theorem. (Wilson, [W], 7.1) Suppose a divisor D = D1 +D2 ∈ A
(n)
is a sum of divisors D1 ∈ A
(m), D2 ∈ A
(k) with disjoint supports. Then
there is a canonical isomorphism π−1n (D) ≃ π
−1
m (D1)× π
−1
k (D2).
We will refer to this result as the factorization property of the projection
πn (or rather of the collection of maps πn over n ∈ N).
2.3. In view of the above theorem, in order to describe an arbitrary fiber of
πn, it suffices to describe the fiber over the principal diagonal, π
−1
n (ny), y ∈
A1. To this end, consider the polynomial algebra C[z] and, for any y ∈ C
write my = (z − y) · C[z] for the corresponding maximal ideal. Let Gr(n, y)
be Grassmannian of n-dimensional subspaces in the vector space C[z]/m 2ny .
The vector space C[z]/m 2ny comes equipped with a distinguished complete
flag
0 ⊂ m 2n−1y /m
2n
y ⊂ m
2n−2
y /m
2n
y ⊂ . . . ⊂ my/m
2n
y ⊂ C[z]/m
2n
y
(quotients of ideals). This flag defines the Schubert stratification of Gr(n, y).
Let Schn(y) ⊂ Gr(n, y) denote the locally closed subvariety formed by all
the Schubert cells of dimension n.
Theorem. ([W], 6.4) There is a canonical isomorphism π−1n (ny) ≃
Schn(y).
2.4. Wilson also describes the way the above fibers glue together. In order
to formulate his result, we recall that A(n) may be viewed as the space of all
codimension n ideals I ⊂ C[z], and introduce the following definition
Definition. The relative Grassmannian Gn is the space of pairs (I,W )
where I ⊂ C[z] is a codimension n ideal, and W ⊂ C[z]/I2 is an n-
dimensional linear subspace.
Clearly, Gn is a quasiprojective variety equipped with a projection πn :
Gn ։ A
(n) , (I,W ) 7→ I. For any I ∈ A(n) we have: π−1n (I) ≃ Gr(n, 2n).
Wilson considers an open subset C
reg
n ⊂ Cn formed by the (conjugacy
classes of) pairs (X,Y ) such that Y is diagonalizable and has pairwise dis-
tinct eigenvalues. Each element in C
reg
n has a unique representative of the
form Y = diag(y1, . . . , yn), X = ‖xij‖, with xij = (yi − yj)
−1, for i 6= j,
and xii = αi. To the n-tuple (y1, . . . , yn) we associate the n-tuple of lines
Wi =
〈
1 − αi(z − yi)
〉
⊂ C[z]/m 2yn , i = 1, . . . , n, in the corresponding
2-planes. Wilson defines an embedding β : C
reg
n → Gn by the formula
β : (X,Y ) 7→ (I,W ) where I = (z − y1) · . . . · (z − yn), and W is set to be a
direct sum of the lines Wi, that is:
I = my1 · . . . ·myn , W = ⊕iWi ⊂ C[z]/I
2 ≡ C[z]/m 2y1 ⊕ . . .⊕ C[z]/m
2
yn .
5Theorem. (Wilson, [W], 5.1) (i) The map β extends to an embedding
β : Cn →֒ Gn commuting with the projections πn;
(ii) Given D =
∑l
k=1 nkyk ∈ A
(n) and C ∈ π−1n (D) ⊂ Cn write C =
(W1, . . . ,Wl), Wk ∈ Schnk(yk). Then, under the natural identification
C[z]/
∏l
k=1m
2nk
yk
≡
⊕l
k=1C[z]/m
2nk
yk
, we have
β : C 7→
(∏l
k=1
mnkyk ,
⊕l
k=1
Wk
)
. ✷
2.5. Drinfeld relative compactification. We define Cn ⊂ Gn as the clo-
sure of β(Cn) or, equivalently, of β(C
reg
n ). Specifically, consider the open
stratum of the diagonal stratification
◦
A(n) ⊂ A(n) formed by all the n-
tuples of pairwise distinct points. Consider the locally closed subvariety
C
reg
n ⊂ π
−1
n (
◦
A(n)) ⊂ Gn formed by all the pairs{ (I,W ) ∣∣ I = my1 · . . . ·myn , W ⊂ C[z]/I2 ≡
C[z]/m 2y1 ⊕ . . .⊕ C[z]/m
2
yn
)
, such that W ∩ (C[z]/m 2yi) 6= 0 , ∀i.
}
Thus, W is a direct sum of lines Wi ⊂ C[z]/m
2
yi .
Definition. The Drinfeld compactification Cn ⊂ Gn is defined as the
closure of C
reg
n in Gn. The restriction of πn : Gn → A
(n) to Cn is also denoted
by πn.
Clearly, πn : Cn → A
(n) is a projective morphism.
2.6. Twist by a divisor. The rest of this section will not be used elsewhere
in the paper but it helps to understand better the structure of Cn.
For 0 ≤ k ≤ n we will define a map twistnk : Ck × A
(n−k) → Cn (twist
by a divisor). To this end, given an ideal I ⊂ C[z] of codimension n − k,
and (J,W ) ∈ Ck, take the preimage of W under the natural projection
C[z]/IJ2 → C[z]/J2, and let W ′ ⊂ I/I2J2 ⊂ C[z]/I2J2 correspond to
this preimage under the natural identification I/I2J2 ≃ C[z]/IJ2. We set
twistk
(
(J,W ), I
)
:= (IJ,W ′).
From now on we will identify Cn with its image β(Cn) ⊂ Cn ⊂ Gn. Given
y ∈ A, write Schm(y) ⊂ Gr(m,C[z]/m
2m
y ) for the union of Schubert cells of
dimension ≤ m. Wilson’s theorem 2.4 immediately implies the following
Theorem. (i) Let D =
∑l
k=1 nkyk ∈ A
(n). Then π−1n (D) ⊂ Cn
equals
∏l
k=1 Schnk(yk). Specifically, under the natural identification
C[z]/
∏l
k=1m
2nk
yk
≡
⊕l
k=1C[z]/m
2nk
yk
, a point (W1, . . . ,Wl), Wk ∈
Schnk(yk), corresponds to
⊕l
k=1 Wk.
(ii) Cnr Cn = twist
n
n−1(Cn−1×A
1), where the RHS is a closed subvariety.
(iii) Cn is a disjoint union of the locally closed subvarieties:
Cn =
⊔n
k=1
twistnk(Ck × A
(n−k)) .
Part (i) implies, in particular, that the map πn : Cn → A
(n) enjoys the
factorization property.
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2.7. Remark. One would like to find a construction of Cn in the ordinary
Calogero-Moser setup of 2.1, avoiding the use of adelic Grassmannian. Here
is a conjectural definition. Recall that CMn ⊂ Matn × Matn is a smooth
closed subvariety. NowMatn can be viewed as an open subset of Gr(n, 2n) via
identifying a matrix X with the graph WX ⊂ C
n⊕Cn of the corresponding
linear map Cn → Cn. Let CM′n be the closure of CMn in Gr(n, 2n)×Matn.
The group GLn acts on CM
′
n naturally: g(W,Y ) = (gW, gY g
−1). Let C′n
be the GIT quotient of CM′n with respect to GLn.
Question. Is there an isomorphism C′n ≃ Cn which is the identity on the
common open subset C′n ⊃ Cn ⊂ Cn?
3. C∗-action on Schubert cells
3.1. Write Gr(n) instead of Gr(n, 0) for the Grassmannian of n-dimensional
subspaces of C[z]/(z2n). We have the standard complete flag in C[z]/(z2n)
(see 2.3):
0 ⊂ m 2n−1y /m
2n
y ⊂ m
2n−2
y /m
2n
y ⊂ . . . ⊂ my/m
2n
y ⊂ C[z]/m
2n
y
Recall that Schn ⊂ Gr(n) is a disjoint union of the n-dimensional cells,
which are known to be exactly the cells Schλ numbered by the set P(n) of
partitions of n. In more detail, given a partition λ = (l1, . . . , ln), 0 ≤ l1 ≤
. . . ≤ ln, l1 + . . . + ln = n, we have
Schλ = {W ∈ Gr(n) | dim
(
W ∩ (m2n−li−i0 /m
2n
0 )
)
= i , ∀i = 1, . . . , n}.
The multiplicative group C∗ acts on C[z] by (c, zi) 7→ c−izi. This action
induces a natural action on Schλ ⊂ Gr(n) contracting this Schubert cell
to the unique fixed point Wλ := 〈z
2n−l1−1, z2n−l2−2, . . . , z2n−ln−n〉. The
tangent space TWλSchλ at the point Wλ is naturally isomorphic to
Hom(Cz2n−l1−1, 〈z2n−1, . . . , z2n−l1〉)×
Hom(Cz2n−l2−2, 〈z2n−1, . . . , ̂z2n−l1−1, . . . , z2n−l2−1〉)× . . .×
Hom(Cz2n−ln−n, 〈z2n−1, . . . , ̂z2n−l1−1, . . . , ̂z2n−li−i, . . . , z2n−ln−n+1〉)
where ̂ means omission of an element. From this we read off easily the
character of C∗ on TWλSchλ. Specifically, write hλ(u) for the hook length of
a box u in the Young diagram attached naturally to a partition λ. Below,
we use the notation qi for the character C∗ → C∗ , c 7→ ci, and write ch V
for the character of a finite dimensional C∗-module V .
3.2. Lemma. We have: ch (TWλSchλ) =
∑
u∈λ q
−hλ(u). ✷
4. Nilpotent extensions of Schubert cells
4.1. Recall the map πn : Cn → A
(n) , (X,Y ) 7→ Spec(Y ). Denote this map
by p2, and similarly, consider the other projection p1 : Cn → A
(n) , (X,Y ) 7→
Spec(X). Note that there is an involution ω on Cn such that ω : (X,Y ) 7→
7(Y t,Xt), and we have: p1 = p2 ◦ ω. Let p = (p1, p2) stand for the simulta-
neous projection (p1, p2) : Cn −→ A
(n) × A(n). To distinguish between the
two copies of A(n) we will use the notation p : Cn → A
(n)
1 ×A
(n)
2 . According
to [EG], the map p is a finite morphism.
The scheme theoretic fiber p−12 (0) is a disjoint union of schemes p
−1
2 (0)λ
such that the underlying reduced scheme is Schλ, to be denoted Sch
2
λ from
now on. Similarly, the scheme theoretic fiber p−11 (0) is a disjoint union of
schemes p−11 (0)λ such that the underlying reduced scheme is denoted by
Sch2λ.
Our goal is to compute the scheme theoretic fiber p−1(0, 0). It is well
known that the corresponding reduced scheme is a disjoint union of points:
the C∗-fixed points of Sch1n (or equivalently, Sch
2
n). Abusing the language
we will denote the C∗-fixed point of Sch2λ by λ; thus Sch
1
λ ∩ Sch
2
λ = λ.
We will denote the connected component of p−1(0, 0) concentrated at λ by
p−1(0, 0)λ.
Note that p−1(0, 0)λ is the fiber over 0 ∈ A
(n)
1 with respect to the projec-
tion p1 : p
−1
2 (0)λ → A
(n)
1 . Our first step will be to compute the fiber over
0 ∈ A
(n)
1 with respect to the projection p1 : Sch
2
λ → A
(n)
1 .
4.2. Recall that the Kostka polynomial associated to a Young
diagram λ is a polynomial in the variable ‘q’ given by the formula:
qm(λ)(1− q) . . . (1− qn)
∏
u∈λ
(1− qhλ(u))−1, where m(λ) is a certain
positive integer, see ([M], page 243, Example 2). This is a q-analogue of
the dimension dimVλ of the irreducible representation Vλ of the symmetric
group Sn. We will consider a version of Kostka polynomial with the lowest
term equal to 1, that is, we put
Kλ(q) := (1− q) . . . (1− q
n)
∏
u∈λ
(1− qhλ(u))−1 .
Proposition. We have:
chO(Sch2λ ∩ p
−1
1 (0)λ) = Kλ(q) and chO(Sch
1
λ ∩ p
−1
2 (0)λ) = Kλ(q
−1) .
Proof. The two formulas are analogous, so we only prove the first one.
We compute the geometric fiber of the sheaf (p1)∗O(Sch
2
λ) at the point
0 ∈ A
(n)
1 . This is a locally free coherent sheaf, that is a (trivial) vector
bundle, so to compute the character of its geometric fiber at 0 it suffices
to know the character chO(Sch2λ) of its space of global sections, and the
character of O(A
(n)
2 ). Now we pass to the formal completions at 0 and λ.
Thus, we are reduced to finding the characters of tangent spaces T0A
(n)
1 and
TλSch
2
λ. The former character equals 1 + q
−1 + . . . + q−n, while the latter
character was computed in the Lemma 3.2. We conclude that ch Oˆ
A
(n)
1 ,0
=
(1− q)−1 . . . (1− qn)−1, and ch OˆSch2λ,λ
=
∏
u∈λ(1− q
hλ(u))−1. Thus, we get
chO(Sch2λ ∩ p
−1
1 (0)λ) = ch OˆSch2λ,λ
/ch Oˆ
A
(n)
1 ,0
= Kλ(q) . ✷
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4.3. We are going to compute chO(p−1(0, 0)λ) along similar lines. To this
end it suffices to compute the character of the completion ch Oˆp−12 (0)λ,λ
.
We will prove that ch Oˆp−12 (0)λ,λ
= Kλ(q
−1)
∏
u∈λ(1 − q
hλ(u))−1. Hence,
arguing exactly as in the proof of 4.2 we will be able to conclude that
chO(p−1(0, 0)λ) = Kλ(q)Kλ(q
−1), as required in the Theorem 1.4. Thus, to
prove the Theorem it suffices to prove the following
Proposition. ch Oˆp−12 (0)λ,λ
= Kλ(q
−1)
∏
u∈λ(1− q
hλ(u))−1.
4.4. We start the proof the Proposition with the following
Lemma. Sch1λ and Sch
2
λ are transversal at λ.
Proof. The varieties Sch1λ and Sch
2
λ are smooth of complementary dimen-
sions. Moreover, the character of TλSch
2
λ is a polynomial in q
−1 without
constant term, while the character of TλSch
1
λ is a polynomial in q without
constant term. Hence, these two tangent spaces must have zero intersection,
and we are done. ✷
Thus the formal completion of Cn at λ is isomorphic to a product of
formal completions of Sch1λ and Sch
2
λ at λ. We will denote by pr1 and pr2
the projections arising this way. The fiber over λ of the restriction of pr2
to the formal completion of p−12 (0)λ equals: pr
−1
2 (λ) = Sch
1
λ ∩ p
−1
2 (0)λ.
We already know formulas for chO(Sch1λ ∩ p
−1
2 (0)λ) and ch OˆSch2λ,λ
, so
to complete the proof it suffices to show that pr2∗Oˆp−12 (0)λ,λ
is a (trivial)
vector bundle on the completion of Sch2λ at λ. To this end it suffices to
show that the dimension of the generic fiber of (pr2)∗Oˆp−12 (0)λ,λ
equals
dimO(Sch1λ ∩ p
−1
2 (0)λ) = dλ (= dimVλ). But the dimension of the generic
fiber equals mλ, the multiplicity of the scheme p
−1
2 (0) at the generic point
of its reduced subscheme Sch2λ.
To compute this multiplicity mλ we may as well work in the Drinfeld
compactification Cn embedded into the relative Grassmannian Gn over A
(n)
2 .
A general fiber p−12 (y) ⊂ Gr(n, y) is reduced at the generic point, so mλ is
the coefficient of the cycle class [p−12 (y)] with respect to the Schubert basis
{[Schλ], λ ∈ P(n)} of the degree 2n homology group of Grn.
Now recall that a general n-tuple y = (y1, . . . , yn) ∈ A
(n)
2 of pairwise
distinct points gives rise to a direct sum decomposition C[z]/m 2y1 · . . . ·m
2
yn
=
⊕
i C[z]/m
2
yi , and p
−1
2 (y) ⊂ Gr(n, y) is the product of corresponding pro-
jective lines: p−12 (y) = P
1 × . . . × P1 ⊂ Grn. It is the classical result of
Schubert calculus that for the corresponding homology classes one has an
expansion: [P1 × . . . × P1] =
∑
λmλ · [Schλ], where the coefficients mλ can
be read off from the formula: pn1 =
∑
λ mλ · sλ, an expansion of the n-th
power of the first symmetric function pn1 with respect to the basis of Schur
functions sλ. The coefficients in the the latter expansion are well-known to
be equal to dλ = Kλ(1), see e.g. ([M], page 114).
9This completes the proof of Proposition 4.3 and the proof of Theo-
rem 1.4. ✷
5. Cyclic Calogero-Moser space
5.1. Consider the action of Γ = Z/NZ ⊂ C∗ on the Calogero-Moser space
CnN . The fixed-point subvariety C
Γ
nN consists of various connected com-
ponents. There is a single component characterized by the property that
the representation of Γ in the fiber of tautological bundle at any point in
this component is a multiple of the regular representation, see [K2]. We
will call this connected component CΓ,n. According to loc. cit., CΓ,n is a
special case of Nakajima’s Quiver variety (corresponding to N -cyclic quiver
with n-dimensional spaces at all ”finite” vertices, 1-dimensional space at an
”extended” vertex, and a nonzero value of the diagonal moment map).
We have the natural projection p = (p1, p2) : CΓ,n → (A
(nN)
1 × A
(nN)
2 )
Γ.
Note that
(A
(nN)
1 × A
(nN)
2 )
Γ = (A
(nN)
1 )
Γ × (A
(nN)
2 )
Γ and (A
(nN)
1,2 )
Γ = (A11,2/Γ)
(n) .
We let A
(n)
Γ,1,2 denote the set on the right of this formula, and view p as a
projection p = (p1, p2) : CΓ,n → A
(n)
Γ,1 ×A
(n)
Γ,2. The natural C
∗-action on CnN
when restricted to CΓ,n factors through C
∗ c 7→c
N
−→ C∗, and we will consider
the resulting C∗-action on CΓ,n (which is generically free).
5.2. Wilson’s embedding β : CnN →֒ GnN is Γ-equivariant, and its image
lands into a connected component GΓ,n ⊂ G
Γ
nN characterized by the property
that the representation of Γ in the fiber of tautological bundle at any point
of this component is a multiple of the regular representation (to see the
inclusion: CΓ,n ⊂ GΓ,n it suffices to check it at any C
∗-fixed point, e.g.
λ = (nN)). We will denote by β : CΓ,n →֒ GΓ,n this cyclic version of
Wilson’s embedding, and we will use it to describe the reduced fibers of p2.
First of all, the action of Γ on C[z]/(z2nN ) splits it into a direct sum
C[z]/(z2nN ) =
⊕
χ∈Γ∨ C[z]/(z
2nN )χ of N 2n-dimensional eigenspaces ac-
cording to the characters of Γ. Note that we can canonically identify Γ∨ with
Z/NZ, and then C[z]/(z2nN )χ is spanned by {z
k, k ≡ χ (mod N)}. The
fiber of GΓ,n over nN ·0 ∈ (A
(nN)
2 )
Γ is formed by all the nN -dimensional sub-
spaces W ⊂ C[z]/(z2nN ) such that W =
⊕
χ∈Γ∨ Wχ, Wχ ⊂ C[z]/(z
2nN )χ,
and dimWχ = n. Thus, this fiber equals
∏
χ∈Γ∨ Gr(n,C[z]/(z
2nN )χ). Each
space C[z]/(z2nN )χ carries a natural complete flag (given by the intersections
with powers of the maximal ideal). Thus, each variety Gr(n,C[z]/(z2nN )χ)
has a natural stratification into Schubert cells numbered by partitions.
Set PΓ(n) := {λχ | χ ∈ Γ
∨ ,
∑
χ |λχ| = n}, and given Λ ∈ PΓ(n) put
Sch2Λ :=
∏
χ Schλχ ⊂
∏
χ∈Γ∨ Gr(n,C[z]/(z
2nN )χ). Now Wilson’s theorem 2.3
together with [K2] yield the following.
10 MICHAEL FINKELBERG AND VICTOR GINZBURG
Proposition. The reduced fiber of CΓ,n over 0 ∈ A
(n)
Γ,2 is canonically
isomorphic to
∐
Λ∈PΓ(n)
Sch2Λ. ✷
Corollary. (i) Each component Sch2Λ contains a unique C
∗-fixed point
Λ ∈ CΓ,n.
(ii) The reduced fiber of p : CΓ,n → A
(n)
Γ,1 × A
(n)
Γ,2 over (0, 0) coincides with
C
C
∗
Γ,n
= PΓ(n). ✷
We will denote by p−1(0, 0)Λ the connected component of the scheme the-
oretic fiber concentrated at the point Λ, and we will denote by p−11,2(0)Λ the
connected component of the scheme theoretic fiber concentrated at Sch1,2Λ .
5.3. We define the Drinfeld compactification CΓ,n ⊃ CΓ,n as the closure of
CΓ,n inside GΓ,n.
We will need a description of a general fiber of p2 : CΓ,n → A
(n)
Γ,2. If we
choose a primitive N -th root of unity ζ then a general point y ∈ A
(n)
Γ,2 can
be represented by a collection
y = (y1, ζy1, . . . , ζ
N−1y1, y2, . . . , ζ
N−1y2, . . . , yn, . . . , ζ
N−1yn)
of distinct points of A12. The 2nN -dimensional vector space
V = C[z]/m 2y1 . . .m
2
ζN−1yn
is acted upon by Γ, and splits up into a direct
sum of N 2n-dimensional eigenspaces Vχ according to the characters of
Γ. We also have a direct sum decomposition V = U1 ⊕ . . . ⊕ Un where
Ui = C[z]/m
2
yi . . .m
2
ζN−1yi
. Note that for any i and χ the intersection
Ui ∩ Vχ is 2-dimensional. We will denote this intersection by UVi,χ.
The fiber of GΓ,n over y equals
∏
χ∈Γ∨ Gr(n, Vχ). The fiber of
Cn over y is isomorphic to
∏
1≤i≤n P
1; let us explain how it is em-
bedded into
∏
χ∈Γ∨ Gr(n, Vχ). We have a direct sum decomposition
Ui =
⊕
k∈Z/NZ C[z]/m
2
ζkyi
, and the action of Γ on Ui permutes these
summands. Hence C[z]/m 2yi projects isomorphically onto any UVi,χ. Given
a line ℓi ∈ P
1(C[z]/m 2yi) we denote by ℓi,χ ⊂ UVi,χ its image under the above
isomorphic projection. Finally, for a collection (ℓi) ∈
∏
1≤i≤n P
1(C[z]/m 2yi)
the corresponding point of
∏
χ∈Γ∨ Gr(n, Vχ) is the collection of subspaces
(
⊕
i ℓi,χ ⊂ Vχ).
5.4. Our aim is to compute the character of C∗-action on the Artin ring
O(p−1(0, 0)Λ), that is, to prove Theorem 1.5. The proof is entirely similar
to that of 1.4. Let us spell out the intermediate steps. First, we define:
KΛ(q) := (1− q) . . . (1− q
n)
∏u∈λχ
χ∈Γ∨
(1− qhλ(u))−1 .
Analoguously to Proposition 4.2 we obtain
Proposition. We have:
chO(Sch2Λ ∩ p
−1
1 (0)Λ) = KΛ(q) and chO(Sch
1
Λ ∩ p
−1
2 (0)Λ) = KΛ(q
−1).✷
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Further, an analogue of Proposition 4.3 reads
5.5. Proposition. ch Oˆp−12 (0)Λ,Λ
= KΛ(q
−1)
∏u∈λχ
χ∈Γ∨
(1− qhλ(u))−1 .
To prove this last Proposition we argue, as in 4.4, that it suffices to
check if the generic multiplicity mΛ of p
−1
2 (0)Λ equals dΛ := KΛ(1). To
this end we turn to the cyclic version of Drinfeld compactification CΓ,n,
see 5.3. A general fiber p−12 (y) being reduced at the generic point, mΛ are
the coefficients of the cycle class [p−12 (y)] with respect to the Schubert basis
{[SchΛ], Λ ∈ PΓ(n)} of the degree 2n homology group of
∏
χ∈Γ∨ Grn. Our
description of the general fiber p−12 (y) in 5.3 boils down to the following.
Take the diagonal embedding P1 = ∆P1 →֒
∏
χ∈Γ∨ P
1
χ. For each χ ∈ Γ
∨
we have an embedding (P1χ)
n →֒ Grn as in 4.4. Now form the composition
(P1)n = (∆P1)
n →֒
∏
χ∈Γ∨
(P1χ)
n →֒
∏
χ∈Γ∨
Gr(n, Vχ) .
The homology class of [∆P1 ] in the 2-homology of
∏
χ∈Γ∨ P
1
χ equals∑
χ[P
1
χ], the sum of degree 2 the generators of the homology groups of the
factors. As in 4.4, we conclude that [(∆P1)
n] =
∑
ΛmΛ · [SchΛ] where the
coefficients mΛ equal the coefficients of (
∑
χ p1,χ)
n with respect to the
basis of Schur functions SΛ (here p1,χ is the first power sum symmetric
function in the variables xi,χ, 1 ≤ i < ∞, and SΛ =
∏
χ sλχ(xi,χ),
see [M], part I, Appendix B.) The latter coefficients are in turn equal to:
n!/
∏u∈λχ
χ∈Γ∨ hλ(u) = dΛ = KΛ(1), see loc. cit. (9.6) on page 178.
This completes the proof of Proposition 5.5, hence the proof of Theo-
rem 1.5. ✷
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